ABSTRACT. If one could assume that local coordinates in a Riemannian manifold were orthogonal, then local expressions for differential operators, and curvature computations, would be simplified. It is always possible on 2-manifolds, using geometric normal coordinates or isothermal coordinates. In 1984, Dennis DeTurck and Dean Yang constructed smooth orthogonal coordinates on any Riemannian 3-manifold. In fact, they showed that, at any point in a 3-manifold, and for any orthonormal frame at that point, there is a set of local orthogonal coordinates so that the partial derivatives at that point are that frame. Recently, Paul Gauduchon and Andrei Moroianu showed, by contrast, that there are no orthogonal coordinates on CP n or HP n . Their proof strongly uses the simplicity of the curvature tensor for these spaces.
M has orthogonal coordinates in some neighborhood, then we say that M has orthogonal coordinates.
The simple construction of geodesic normal coordinates along a curve provides orthogonal coordinates on any 2-manifold. Dennis DeTurck and Dean Yang [1] showed that any Riemannian 3-manifold has orthogonal coordinates in a neighborhood of any point. Recently, Gauduchon and Moroianu [2] have shown that, in contrast, CP m and HP n (m, n ≥ 2) do not possess orthogonal coordinates. This note strengthens that result in dimension 4 to a characterization of all 4 real-dimensional Kähler manifolds admitting such coordinates.
The main result of this note is the following theorem: Theorem 1.1. If M is a 4 real-dimensional Kähler manifold which has orthogonal coordinates, then M is isometrically and holomorphically covered by a Riemannian product Σ 1 × Σ 2 of Riemann surfaces.
STRUCTURE OF MANIFOLDS WITH ORTHOGONAL COORDINATES
The results in this section are proved in [2] . If we assume that a Riemannian manifold M of dimension n has orthogonal coordinates on a chart U , then there is a coordinate system {x 1 , . . . , x n } on U so that, if , is the Riemannian metric on M ,
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We set (following the notation of [2] ), a i =
. These are smooth functions on U , and, by [2, Remark (2. 2)], it can be assumed that a i are nonconstant for all i. This observation follows from the fact that, if you change the coordinate system to (y 1 , . . . , y n ) := (φ 1 (x 1 ) , . . . , φ n (x n )) where φ i are arbitrary functions of a single variable so that φ ′ i = 0, then again these coordinates will still be orthogonal, and, if
Given an orthogonal coordinate system, we construct the associated orthonormal frame {e 1 , . . . , e n } by setting e i :=
. From the definitions of the covariant derivative and Riemann curvature tensor, Gauduchon and Moroianu show the following useful results, using the conventions that
, and (with respect to the associated orthonormal frame), R ijkl = R e i e j e l , e k . Proposition 2.1. [Proposition 2.5 of [2] ] Let M be a Riemannian manifold with orthogonal coordinates on a chart U , with associated orthonormal frame {e 1 , . . . , e n }. Then,
so that, if i, j, k are all distinct,
(4) In particular, if i, j, k, l are all distinct, R ijlk := R e i e j e k , e l = 0.
Remark 2.1. Part (4) of this result was originally shown by DeTurck and Yang [1] . The first expression in statement (3) is not written in the same form as in [2] , but, due to the Kronecker deltas, is equivalent.
Using the notation of [2] , set
∇ e i (da j ) = α j , defining two 1-forms for each pair {i, j} with i = j. Note that α i and α j both depend on the choice of the pair i, j. In particular, from Proposition (2.1)
so the sectional curvature (with respect to the associated frame) R ijij = α j (e i ) + α i (e j ).
In addition, considering R (e 1 ∧ e 2 ) to be more specific,
= (α 1 (e 2 ) + α 2 (e 1 )) e 1 ∧ e 2 + α 1 (e 3 ) e 1 ∧ e 3 + α 1 (e 4 ) e 1 ∧ e 4 −α 2 (e 3 ) e 2 ∧ e 3 − α 2 (e 4 ) e 2 ∧ e 4 .
KÄHLER MANIFOLDS WITH ORTHOGONAL COORDINATES
A Kähler manifold with orthogonal coordinates would be defined simply as a complex manifold M (of real dimension 2n) with a Kähler metric, for which there was, in a neighborhood of any point x ∈ M , a real coordinate chart (x 1 , . . . , x 2n ) so that
= 0 for i = j, and of course
is an isometry, we also have that J
Assume that M is a 4-manifold. Note that, since J is skew-symmetric and J 2 = −I, then the components with respect to the frame {e 1 , . . . , e 4 }, defined by Since Je 1 = −J 1 2 e 2 − J 1 3 e 4 − J 1 4 e 4 is a unit, at least one of J 1 2 , J 1 3 , J 1 4 is nonzero. We can then re-order coordinates so that 
, and so with the chosen ordering of the coordinates, J 1 2 = J 3 4 . Choices of coordinates can be consistently made so that, J 1 3 = −J 2 4 and J 2 3 = J 1 4 .
KÄHLER IDENTITES
This section illustrates the restrictions on the structure of the curvature tensor for a 4-manifold with orthogonal coordinates which is also Käler, simply using the additional algebraic symmetries of the curvature tensor. Since the metric is Kähler,
) e l Simplifying to the case i = 1 and j = 2 as before, (thus
Comparing coefficients of e l , for l = 1
, and for l = 4,
Summing over m in the for equations above, 
Taking the 4 choices for k generates 16 equations, which reduce to 2 linearly independent expressions (recall that J 1 2 = 0).
5. KÄHLER CONDITIONS; PROOF OF THEOREM [1.1] As above, M is a 4 real-dimensional Kähler manifold with orthogonal coordinates. The proof of the main theorem follows from identities which follow from the fact that the complex structure tensor is parallel, ∇J = 0,
Again, considering separately the coefficients of each e k . When k = 2 there is a tautology. For k = 1,
and k = 4,
Similarly,
which leads to
Combining these together and recalling that e i =
So, taking mixed partials, 
where canceling out the curvature tensor terms came from the Kähler identities (Eq. 2) in Section 4. This is equivalent to
as before, using (Eq. 2), either
We can change the original pair {1, 2} to {i, j}, i = j, and see that either J i j = ±1 and J i k = 0 for k = j, or da i ⊥ da j . Since J 1 2 = 0, if either of J 1 3 or J 1 4 are nonzero, then the set {da 1 , da 2 , da 3 , da 4 } is orthogonal. From the remark preceding [2.1], we can assume that all da i = 0, so these functions indeed are a set of orthogonal coordinates.
Using those cordinates, a i = x i , thus da i (e j ) = 0, j = i
, j = i , and ∇ e i e j = 0, so the manifold is flat. Conversely, if M is flat, then there is an orthogonal coordinate system so that J 1 2 = 0 and J 1 3 = 0, so the above holds. If the manifold is not flat, necessarily J 1 3 = J 1 4 = 0 in the original orthogonal coordinate system. A frame {e 1 , . . . , e 4 } on M so that Je 1 = e 2 , Je 3 = e 4 will be called a unitary frame. We have the following theorem:
Theorem 5.1. If a 4 real -dimensional Kähler manifold M has orthogonal coordinates, then there is also an orthogonal coordinate system so that the associated frame is a unitary frame.
This set of orthogonal coordinates is not necessarily a holomorphic chart. However, Lemma 5.1. For orthogonal coordinates with a unitary frame, a 1 and a 2 are functions of (x 1 , x 2 ) only, and a 3 and a 4 are functions of (x 3 , x 4 ) only.
Proof. The flat case is trivial. If M is not flat, using the equations above, with J 1 2 = −1, J 1 3 = J 1 4 = 0, the equations (Eq. 3) become 0 = −da 1 (e 3 ) 0 = da 1 (e 4 ) 0 = da 2 (e 3 ) 0 = da 2 (e 4 ) . = 0.
The others are similar.
Corollary 5.2. R (e 1 ∧ e 2 ) = R 1212 e 1 ∧ e 2 and R (e 3 ∧ e 4 ) = R 3434 e 3 ∧ e 4 .
Proof. From (Eq. 1),
R(e 1 ∧ e 2 ) = (α 1 (e 2 ) + α 2 (e 1 )) e 1 ∧ e 2 + α 1 (e 3 ) e 1 ∧ e 3 + α 1 (e 4 ) e 1 ∧ e 4 −α 2 (e 3 ) e 2 ∧ e 3 − α 2 (e 4 ) e 2 ∧ e 4 = (α 1 (e 2 ) + α 2 (e 1 )) e 1 ∧ e 2 = R 1212 e 1 ∧ e 2 .
Corollary 5.3. If M is a 4 real-dimensional Kähler manifold with an orthogonal coordinate system (which can be assumed to be unitary), then for any pair {e i , e j } which span a totally real subspace, R e i e j = 0.
Proof. First note that This result implies that the integral submanifolds of the distributions Span {e 1 , e 2 } and Span {e 3 , e 4 } are complex, orthogonal, totally geodesic foliations (hence also Riemannian foliations [3] ), and so the universal cover M of M with the induced metric and complex structure is a Riemannian product of two Riemann surfaces.
This finishes the proof of Theorem [1.1].
Remark 5.1. Although the methods used here are particular to 4 dimensions, particularly the simple structure of the complex structure tensor J, it seems that the main result should be true in all dimensions, that is, the only Kähler manifolds with orthogonal coordinates are, up to covers, products of Riemann surfaces.
